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AN EFFECTIVE  LOJASIEWICZ INEQUALITY FOR
REAL POLYNOMIALS
JA´NOS KOLLA´R
Let f1, . . . , fm be real analytic functions on R
n and Z := (f1 =
· · · = fm = 0) their common zero set. The classical theorem of
[ Lojasiewicz59] says that for every P ∈ Z there are constants C, ǫ,M >
0 such that
max
i
{|fi(x)|} ≥ C · dist(x, Z)
M if dist(x, P ) < ǫ.
The smallest such M is called the  Lojasiewicz exponent of f1, . . . , fm
at P . The computation or estimation of the  Lojasiewicz exponent is
a quite interesting problem. For instance, if the fi are polynomials of
degree ≤ d, one would like to have an explicit bound for M in terms
of d and n. The following example shows the magnitude of the bounds
one can expect:
Example 1. Set f1 = x
d
1 and fi = xi−1 − x
d
i for i = 2, . . . , n. Then
Φ(x) := maxi{|fi(x)|} > 0 for x 6= 0. Let p(t) = (t
dn−1 , td
n−2
, . . . , t).
Then limt→0 ||p(t)||/|t| = 1 and Φ(p(t)) = t
dn . Thus the  Lojasiewicz
exponent is ≥ dn. (In fact it equals dn.) This works both over R and
C.
In the real case set F =
∑
f 2i . Then degF = 2d, F has an isolated
real zero at the origin and the  Lojasiewicz exponent is 2dn.
The complex analytic variant of this question has been settled in the
papers [Kolla´r88, JKS92, CKT99]. It seems, however, more difficult
to obtain effective estimates in the real case. [Solerno´91] works in
full generality, but the resulting bounds are quite large. For a single
real polynomial [Gwoz´dziewicz99a] established the following very nice
estimate. In view of (1), it is close to being optimal.
Theorem 2. [Gwoz´dziewicz99a] Let f(x1, . . . , xn) be a real polynomial
of degree d with a strict local minimum at f(0) = 0. Then there are
constants C, ǫ > 0 such that
f(x) ≥ C · ||x||(d−1)
n+1 for ||x|| < ǫ.
A similar estimate for x near infinity is given in [Gwoz´dziewicz99b].
These give estimates in case of several functions fi by considering the
single function
∑
f 2i instead.
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The aim of this paper is to give an upper bound for the  Lojasiewicz
exponent with maxi{|fi(x)|} replaced by maxi{fi(x)}. This version is
more general and as an application we also get an effective  Lojasiewicz
estimate in case x runs through a semi–algebraic set instead of the
whole Rn. Unfortunately, I have to assume that maxi{fi(x)} has an
isolated zero.
Definition 3. For any n let B(n) denote the largest of the binomial
coefficients
(
n
k
)
. That is
B(n) =
(
2m
m
)
if n = 2m and B(n) =
(
2m+ 1
m
)
if n = 2m+ 1.
Theorem 4 (Effective  Lojasiewicz inequality).
Let fi : i ∈ I be finitely many real polynomials of degree ≤ d in n
variables. Set Φ(x) := maxi{fi(x)}.
1. Assume that Φ(x) > 0 for 0 < ||x|| ≪ 1. Then there are constants
C, ǫ such that
Φ(x) ≥ C · ||x||B(n−1)d
n
for ||x|| < ǫ.
2. Assume that Φ(x) > 0 for ||x|| ≫ 1. Then there are constants
C,N such that
Φ(x) ≥ C · ||x||−B(n−1)d
n
for ||x|| > N .
Remark 5. It is possible that in (4) the exponent B(n− 1)dn can be
replaced by dn. This would be optimal in view of (1). In the case of
complex variables the optimal exponent is dn by [Kolla´r88, 4.1].
If the polynomials fi have different degrees then in the complex case
one can use the Be´zout–type bound
∏
deg fi instead of d
n. In the real
case this does not hold any more. For instance, set f1 := F as in (1)
and f2 = · · · = fn+1 = xn+1.
It would be also of interest to find the best exponent in the case of a
single polynomial as in (2). The polynomial F constructed in (1) is not
always the worst one. For instance, the examples of [Yoshihara79] give
a degree 6 polynomial in 2 variables whose  Lojasiewicz exponent is 20 >
2 ·32. It is quite likely that K3 surfaces give similar examples with n =
3, d = 4 and  Lojasiewicz exponent 20 > 2 · 23. Pemantle pointed out
that if F (x1, . . . , xn) has  Lojasiewicz exponent L then F (x1, . . . , xn) +
(ℓ(x1, . . . , xn)−x
d
n+1)
2 has  Lojasiewicz exponent dL for a suitable linear
form ℓ. This gives an infinite sequence of degree 6 polynomials whose
 Lojasiewicz exponent is bigger than those in (1). I do not know any
other examples which are worse than (1).
AN EFFECTIVE  LOJASIEWICZ INEQUALITY FOR REAL POLYNOMIALS 3
In all the examples where the  Lojasiewicz exponent is large, the
function has a type A critical point. That is, in suitable analytic coor-
dinates it is of the form z21 + · · ·+ z
2
n−1+ z
M
n and M is the  Lojasiewicz
exponent. (Such a singularity is said to be of type AM−1.) I do not
know if there are other types of extremal examples. In any case, this
leads to the following interesting problem:
Let X ⊂ Pn be a hypersurface of degree d with an isolated Am sin-
gularity. Find an upper bound for m in terms of d, n and find examples
where m is large. Upper bounds which are smaller than dn are given for
surfaces by [Miyaoka84] (2
3
d3) and by [Varchenko83] in general (23
24
dn).
It is also of interest to study similar questions when x runs through
the points of a closed semi–algebraic set X . For instance a classical
result of Po´lya (cf. [HLP34, 2.24]) studies the case when X is the
positive quadrant. In these situations it is necessary to control the
degree of the defining inequalities of X .
Corollary 6 (Effective semi–algebraic  Lojasiewicz inequality).
Let X be a closed semi–algebraic set of the form
X := {x ∈ Rn|gj(x) = 0, hk(x) ≥ 0},
where the gj, hk are real polynomials of degree ≤ d. Let fi be finitely
many real polynomials of degree ≤ d in n variables. Set Φ(x) :=
maxi{fi(x)}.
1. Assume that Φ(x) > 0 if x ∈ X and 0 < ||x|| ≪ 1. Then there
are constants C, ǫ such that
Φ(x) ≥ C · ||x||B(n−1)d
n
if x ∈ X and ||x|| < ǫ.
2. Assume that Φ(x) > 0 if x ∈ X and ||x|| ≫ 1. Then there are
constants C,N such that
Φ(x) ≥ C · ||x||−B(n−1)d
n
if x ∈ X and ||x|| > N .
Proof. Set Ψ(x) = max{fi(x), gj(x),−gj(x),−hk(x)}. Then Ψ(x) >
0 for every x 6∈ X and Ψ(x) = Φ(x) for x ∈ X . Thus (4) applies to Ψ
and we get (6).
7 (Proof of (4)).
Following a suggestion of Gwoz´dziewicz, we use the equivalent norm
maxi |xi| instead of ||x||. The formula given by (13) becomes very
explicit (14) and this leads to a better estimate in (4).
Assume that we are in the situation of (4.1). Choose r > 0 such that
0 is the only zero of Φ in the cube maxi |xi| ≤ r and η
∗ > 0 such that
Φ(x) ≥ η∗ if maxi |xi| = r.
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Consider the level set Xη := {x|Φ(x) = η}. We usually think of
Xη as a subset of C
n. The set of its real points is denoted by Xη(R).
For η∗ > η > 0 let Mη ⊂ Xη(R) denote the union of those connected
components which are contained in the cube maxi |xi| ≤ r. If Xη is in
“general position” then Mη has a unique point Pη ∈ Mη furthest from
the origin. The points Pη form a real curve CΦ and it is sufficient to
prove that
Φ(x) ≥ C · ||x||B(n−1)d
n
for x ∈ CΦ.
We expect that CΦ is an open subset of the real points of a complex
algebraic curve C∗. If D is any algebraic curve then an easy argument
shows that
Φ(x) ≥ C · ||x||d·degD for x ∈ D. (∗)
The first part of the proof establishes the existence of the curve C∗.
This can not be done for every Φ but we see that C∗ exists after a
suitable small perturbation of Φ. In the second part we use a slight
strenghtening of the estimate (∗) to conclude the proof.
The proof of (4.2) is entirely analogous but instead of working in a
small cube we work in the complement of a large cube.
8 (Defining C∗). For η∗ > η > 0 let h(η) be the maximum of maxi |xi|
on Mη and Πη ⊂ Mη the set of points where maxi |xi| = h(η). The
union of these sets Π = ∪ηΠη ⊂ R
n × (0, η∗) is semi–algebraic.
Assume first that there are i 6= j and a sign ǫ = ±1 such that
Πη ∩ (xi = ǫxj) is nonempty for every 0 < η ≪ η
∗. Then one can find
C∗ inside the hyperplane (xi = ǫxj) ∼= R
n−1. This leads to a much
better bound.
Otherwise, up to permuting the coordinates, we may assume that Πη
contains an interior point of the face x1 = h(η) of the cube maxi |xi| =
h(η) for every 0 < η ≪ η∗. Let
J := {j|fj(x) = η ∀x ∈ Πη ∩ (x1 = h(η))},
and set
XJ,η := {x|fj(x) = η ∀j ∈ J}.
Then every point of Πη is a (not necessarily strict) local minimum of
x1 restricted to XJ,η.
Let JacJ = Jac(x1, fj : j ∈ J) denote the Jacobian matrix of the
functions x1 and fj : j ∈ J .
Note that J does not depend on η. If XJ,η is smooth of codimension
|J | then the critical points of x1 on XJ,η are defined by the system of
equations
fj(x) = η ∀j ∈ J and rank(JacJ) ≤ |J |.
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If we let η vary then we obtain the family of critical points defined by
the equations
fj(x) = fj′(x) ∀j, j
′ ∈ J and rank(JacJ) ≤ |J |.
For sufficiently general fi this gives exactly the expected curve C
∗ but
if XJ,η has singular points or components of the wrong dimension then
these are counted as critical points by the above equations.
The next two elementary lemmas establish that these problems can
be avoided by a small perturbation of the fj and of the cordinate sys-
tem.
Lemma 9. Let fi : i ∈ I be finitely many real polynomials. Then there
are constants 1/2 < ǫi < 2 and 0 < η0 such that for every J ⊂ I and
0 < |η| < η0 the variety
XJ,ǫi,η := {x ∈ C
n : ǫjfj(x) = η ∀j ∈ J}
is a smooth complete intersection of codimension |J | (or it is empty).
For the proof it is quite important that XJ,ǫi,η is viewed as a complex
algebraic variety. The result holds if we allow complex values of η as
well, but we do not need this.
Proof. Let B ⊂ C|I|+1 be the set of those (ǫi, η) such that XJ,ǫi,η
is either singular or has a component of codimension < |J | for some
J . B is a constructible algebraic subset of C|I|+1 whose Zariski closure
B¯ is different from C|I|+1 by the Bertini theorem. Choose a point
(ǫi, η
′) 6∈ B¯ satisfying 1/2 < ǫi < 2. Only finitely many points of the
disc {(ǫi, t)|0 < |t| < η
′} belong to B¯. Choose η0 to be the smallest
value which gives a point in B¯.
The following lemma is known in algebraic geometry as the existence
of Lefschetz pencils. A very readable self contained proof is given in
the lectures [Looijenga97, 1.8].
Lemma 10. Let X ⊂ Cn be a smooth quasi projective variety and
L(x1, . . . , xn) a general linear form. Then L|X has only nondegenerate
critical points.
11. It is sufficient to prove (4) after a linear change of coordinates
and after replacing the fi by ǫifi. Thus, in order to simplify notation,
we may assume that for every J ⊂ I, 0 < |η| < η0 and 0 < δ ≪ 1 the
following are satisfied:
1. XJ,η := {x ∈ C
n|fj(x) = η ∀j ∈ J} is a smooth complete inter-
section of dimension n− |J |.
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2. The infimum of Φ on the real cube maxi |xi| = δ is achieved at an
interior point of the face x1 = δ.
3. x1 has only nondegenerate critical points on XJ,η.
Set D∗J := {x|fj(x) = fj′(x) ∀j, j
′ ∈ J and rank(JacJ) ≤ |J |}. D
∗
J
can have irreducible components of dimension bigger than one, so let
C∗J ⊂ D
∗
J denote the union of all those irreducible components which
intersect XJ,η for some 0 < |η| < η0. Then C
∗
J is an algebraic curve
and we want to prove an estimate
Φ(x) ≥ C · ||x||N for x ∈ C∗J .
The following lemma reduces the computation of N to computing the
number of intersection points of C∗J with the hypersurface (fj = η).
Since C∗J ⊂ ∪ηXJ,η, these intersections are precisely the critical points
of x1 on XJ,η, hence they do not depend on the choice of j ∈ J .
It is worth noting that the number of intersection points may be less
than d · degC∗J since there can be intersection points at infinity.
Lemma 12. Let D ⊂ Cn be an irreducible algebraic or analytic curve
and f a polynomial or analytic function not identically zero on D such
that f(0) = 0. Let N = Nǫ denote the number of solutions of f(x) =
ǫ,x ∈ D for general |ǫ| ≪ 1.
Then |f(x)| ≥ C · ||x||N for x ∈ D near 0.
Proof. Let π : D¯ → D be the normalization and t a local parameter
on D¯ at a point q ∈ π−1(0). π is given by its analytic coordinate
functions πj(t). Let M be the order of vanishing of f ◦ π at q. Then
|f(π(t))| ≥ C · |t|M and ||π(t)|| ∼ |t|m where m = mini{multq πi(t)}.
Thus |f(π(t))| ≥ C · ||π(t)||M/m. On the other hand, M ≤ N .
The next result gives a formula for the number of critical points of
a function on a smooth complete intersection.
Proposition 13. Let X ⊂ An be a smooth complete intersection of
hypersurfaces of degrees d1, . . . , dk. Let g be a polynomial of degree c
with only isolated critical points on X. Then the number of critical
points is at most the coefficient of Hn in the Taylor series of
(−1)n−k
(1 +H)n
1 + cH
∏
i
diH
1 + diH
.
Equality holds for general choice of the hypersurfaces and g.
Proof. Let Yt := (g = t) ⊂ X be a level set. Let X¯ ⊂ P
n denote the
closure of X and set X∞ := X¯ \ X . Define Y¯t and Yt,∞ analogously.
Let x0 = 0 be the equation of the hyperplane at infinity. g : X¯ 99K P
1
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is a rational map which becomes a morphism g˜ : X˜ := BZX¯ → P
1
after blowing up the base locus Z := (g = xc0 = 0). (This needs
to be done scheme theoretically.) g˜−1(t) ∼= Y¯t for t ∈ A
1. We can
identify X with a subset of X˜ , set X˜∞ := X˜ \ X . Under some mild
conditions the homology of a pair (A,B) depends only on A \ B (cf.
[Greenberg-Harper81, 19.14]). Thus (15) gives that
e(X˜, X˜∞) = e(X¯,X∞) =
e(Y¯ , Y∞)e(CP
1, {∞}) +
∑
t∈C[e(Y¯t, Yt,∞)− e(Y¯ , Y∞)],
where Y denotes a typical level set Yt. If g˜ has a single nondegenerate
critical point on Y¯t then by the Picard–Lefschetz formulas (see, for
instance, [Looijenga84, Chap.3])
e(Y¯t, Yt,∞)− e(Y¯ , Y∞) = (−1)
dimY+1.
Thus if g˜ has only nondegenerate critical points over A1 then their
number is
(−1)n−k[e(X¯,X∞)− e(Y¯ , Y∞)] =
(−1)n−k[e(X¯)− e(X∞)− e(Y¯ ) + e(Y∞)].
Assume that X¯,X∞, Y¯ , Y∞ are all smooth complete intersections. The
total Chern class of a complete intersection of type b1, . . . , bm in P
n is
given by (1+H)n+1/
∏
(1+biH) (cf. [Hirzebruch66, §22]). Substituting
these into the above formula we obtain the result.
For arbitrary X and g we argue that the number of critical points (in
the complex domain) is an upper semi continuous functions (provided
that it is finite). This follows from the observation that if gs is a family
of smooth functions depending smoothly on a parameter s and g0 has
an isolated critical point at p0 then each gs has at least one isolated
critical point near p0. Indeed, an isolated critical point is an isolated
solution of the equations ∂g0/∂xj = 0 ∀j. These are dimX equations in
dimX variables, thus the system ∂gt/∂xj = 0 ∀j has a nearby solution
for small |t|.
Corollary 14. Let X ⊂ An be a smooth complete intersection of k
hypersurfaces of degree d. Let g be a linear polynomial with only isolated
critical points on X. Then the number of critical points is at most(
n− 1
k − 1
)
dk(d− 1)n−k.
Equality holds for general choice of the hypersurfaces and g.
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Proof. By (13) our upper bound is the coefficient of Hn in
(−1)n−k(1 +H)n−1
(
dH
1+dH
)k
=
(−1)n−kdkHk
(∑(n−1
s
)
Hs
) (∑
(−1)sds
(
s+k−1
k−1
)
Hs
)
.
Thus the coefficient of Hn is
(−1)n−kdk
∑n−k
s=0
(
n−1
s
)
(−d)n−k−s
(
n−s−1
k−1
)
=
dn
∑n−k
s=0
(
n−1
s
)(
n−s−1
k−1
) (
−1
d
)s
=
dn
(
n−1
k−1
)∑n−k
s=0
(
n−k
s
) (
−1
d
)s
=(
n−1
k−1
)
dn
(
1− 1
d
)n−k
.
The next result is known in various forms, see, for instance, [BPV84,
III.11.4].
Lemma 15. Let A be a compact simplicial complex, B ⊂ A a subcom-
plex, C a topological surface (possibly with boundary) and D ⊂ C a
finite set. Let g : A→ C be a continuous map such that g−1(D) ⊂ B.
For c ∈ C set Ac := g
−1(c) and Bc := g
−1(c) ∩ B. Assume that g is a
locally trivial fibration of the pair (A,B) with typical fiber (Agen, Bgen)
except over finitely many points. Then
e(A,B) = e(C,D)e(Agen, Bgen) +
∑
c∈C\D
[e(Ac, Bc)− e(Agen, Bgen)].
Proof. If (A,B) → Z is a locally trivial fibration with typical fiber
(F,E) then e(A,B) = e(Z)e(F,E). Thus any locally trivial fibration
over S1 has zero Euler number. The Mayer–Vietoris sequence now
shows that if (A,B) = (A1, B1) ∪ (A2, B2) and (A1, B1) ∩ (A2, B2) is a
locally trivial fibration over S1 then e(A,B) = e(A1, B1) + e(A2, B2).
By repeatedly cutting discs out of C, the proof of (15) is reduced to
the following three special cases:
1. D = ∅ and (A,B) → C is a locally trivial fibration. In this case
the formula holds, as we noted above.
2. C is a disc, D is empty and (A,B)→ C is a locally trivial fibration
over C \ p. Then (A,B) retracts to (Ap, Bp) and so e(A,B) =
e(Ap, Bp).
3. C is a disc, D is a single point p and (A,B)→ C is locally trivial
over C \ p. Then Ap = Bp and so e(A,B) = e(Ap, Bp) = 0.
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